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COKTROL OF TORSIONAL VIBRATIONS BY PENDULUM MASSES'*- 

By Al"bert Stieglitz' 



Various versions of pendulum masses have been devel- 
oped abroad ■within the past few years by means of which 
resonant vibrations of rotating shafts can be eliminated 
at a given tuning. They are already successfully employed 
on radial engines in the form of pendulous counterweights. 
Compared with the commonly known torsional vibration damp- 
ers, the pendulum masses have the advanta^^e of being 
structurally very simple, requiring no internal damping 
and being capable of completely eliminating certain 
vibrat ions . 

Unexplained, so far, remains the problem of behavior 
of pendulum masses in other critical zones to which they 
are not tuned, their dynamic behavior at some timing other 
than in resonance, and their effect within a compound 
vibration system and at simultaneous application of sev- 
eral differently tuned pendulous masses. 

These problems are analyzed in the present report. 
The results constitute an enlargement of the scope of ap- 
plication of pendulum masses, especially for in-line 
engines. Among other things it is found that the natural 
frequency of a system can be raised by moans of a corre- 
spondingly tuned pendulu^ mass. The formulas necessary 
for the design of any practical version are developed, 
and a pendulum mass having two different natural frequen- 
cies simultaneously is described. 



I. INTEODUCTIOil 



The present investigation deals with the torsional 
vibrations of rotating shafts under the effect of pendulum 
masses, which have been added for the pu,rpQs,e of , eliminat- 
ing ~the dangers of resonant vibrations. The pendulously 
linked masses are subjected to the centrifugal forces of 



* " Bee-inf lus sung von Drehschwingungen. durch pendelnde 
Massen." Jahrbuch 1938 der Deutschen Luf tf ahrtf or schung, 
pp. II 164-178. 
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the rotary motion which exert restoring forces on the 
yihratory motion of the pendulum masses. 

Both Taylor's (reference 1) and Salomon's (reference 
2) system of pendulum masses are tased on the resonance 
pririciple in the same manner as the conventional resonance 
dampers. But, while in the latter the mass is coupled "by 
springs or gravity with the system and so attains a cer- 
tain constant natural frequency, the natural frequency of 
the pendulum mass restored "by the centrifugal forces var- 
ies with the rotative speed, hence changes its dynamic 
hehavior fundamentally. 

Resonant dampers with constant natural frequency 
remove the vihrations in one critical speed, hut permit 
the creation of a new critical zone above and "below this 
speed, the damping of which requires an internal damping. 
Resonant dampers have heen known for a long time. As 
early as 1895, Pollak (reference 3, p. 911) employed a 
flywheel disk fastened to a shaft by means of rubber bush- 
ings of a specific size for the purpose of reducing the 
shaft vibrations, and by so doing, undoubtedly, applied 
the resonance principle. In 1908 Schuler ' s resonance 
principle (reference 3, p. 845) had become known and ac- 
cepted. In Prahm's antirolling tank of 1911 (reference 4) 
a water mass coupled with the ship by the centrifugal force 
is tuned to the same natural freouency as that of the sh-ip . 
In the same "year (1911), Kutzbach (reference 6, pp. 451 
and 703) developed the damper shown in figure 1 on which 
a fluid mass in the U-shaped channel of a flywheel is re- 
stored by centrifugal forces. This device itself repre- 
sents a forerunner of the penduLum masses of Taylor and 
Salomon. However»the dynamic relations were not explored 
in detail at that time, nor was the method further followed 
up, probably because there were no demands for such dampers 
then. 

The pendulum mass is a means of eliminating dangerous 
vibrations, which, by virtue of its effectiveness and sim- 
plicity surpasses any other known damping device, and 
merits much greater attention. While, for instance, with 
one of the known dampers (resonant damper, friction damper) 
the vibrations are, at best, reduced to the static deflec- 
tion corresponding to the exciting force, the vibrations 
of a one-mass system can be .completely eliminated by one 
or more pendulum masses. The shaft then revolves like a 
rigid shaft without being alternat ingly stressed, notwith- 
standing the alternating forces acting on it. The pendulum 
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masses are not Butjeet to wear in operation nor to varia- 
tionjin tuning in addition to teing insusoept ible t o' dis- 
placements of the - natural frequencies of t.he system. 

This principle has "been utilized successfully in a 
device employed on the U. S. Wr ight- Cyclone radial air- 
craft engines. The already existing counterweight serves 
as pendulum mass. A Hispano-Suiza radial engine and a 
Peugeot automobile engine in Prance are also said to have 
"been fitted with pe'ndulum masses. further applications 
of pendulum masses to other automolDile- engines or station- 
ary plants are not known. The reason for this lies in 
their comparative newness and insufficient knowledge of 
their mode of operation. Apart from that, there ts .the 
matter of patents. 

Taylor's studies extend, to the case of a two-mass 
system with a simple pendulum mass. He deduced the nat- 
ural frequency of the pendulum mass and the resultant tun- 
ing at a certain mode of excitation. But his premise for 
the general motion of the pendtiloiis mass is wrong. The 
result for the general case is not discussed further. 
Salomon used a flywheel equipped viith penduJ.um rollers. 
The geiieral formula is developo'd only for t?ie case of res- 
onance of the pendulous roller. The natural frequencies 
for several forms of pendulous masses and their deflections 
in resonance are calculated. Both Taylor and Salomon treat 
only the case of resonance of the pendulous loass, but fail 
to touch upon the subject of how this mass really acts in 
othdr critical zones. 

In the following an- attempt is made to explain, in a 
very general fashion, -the phenomenon accompanying the mo- 
tions of pendulum masses. The study is extended to include 
any compound-mass system. Besides the resonant tuning of 
the pendulum masses other cases of tuning are dealt with, 
which, as will be seen, are-often much more of practical 
importance. The different types of pendulum masses are 
analyzed and the necessary design data indicated. 



II. PROCESS OF IHVESIIGATION 



The investigation was carried on vfith very simple 
equipment. Only small vibratory deflections cp are pre- 
sumed,- at v/hich it is always possible to put sin cp = cp, 
cos CD = 1. The error involved is practically insignificant 
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in most cases, when it is considered, for instance, that 

the natural frequency of a gravity pendulum at deflections 
up to ±22° diverges only atout 1 percent from the value 
for small deflections. 

The system subjected to torsional vibrations, performs 
a uniform rotary motion together with a superimposed vibrat- 
ing motion. When applying the centrifugal forces at the 
individual pendulous masses, the rotary motion can for the 
present he disregarded. The attendant Coriolis component 
of acceleration due to the concomitant vibrating motion is 
negligible, since it is small at small deflections compared 
with the centrifugal forces of higher order. Then, if the 
mass forces of the oscillating motion are applied to all 
the masses the vibratory motion itself can be disregarded 
and the system is completely at rest. The task is thus 
reduced to a static problem and merely involves bringing 
all forces in the proper phase into equilibrium at the dif- 
ferent points, so that all the dynamic relations can be 
secured. This simplifies the study considerably and makes 
for a clear representation of the processes. This method 
has been previously employed by the author in his article 
titled: "Torsional Vibrations in In-Line Engines" (refer- 
ence 5), which also contains a detailed description of 
the method. 

In conformity with the available data on pendulum 
masses, the case of a system with one degree of freedom 
and a simple pendulum mass is treated first. The forced, 
damped vibrations of this system are analyzed for differ- 
ent tuning of pendulum mass and different modes of excita- 
tion, and subsequently the general case of a pendulum mass 
attached at some point of a compound-mass system. Practi- 
cally every important case of pendulum mass is mathemati- 
cally worked out. lastly, a pendulum mass vTith two natural 
frequencies comprising two different modes of torsional 
vibrations simultaneously is discussed. 

The excitation is assumed constant over the entire 
rotative speed range. If an excitation increasing with 
the square of the rotative speed is to be used as basis, 
such as approx^imately occurs on an Otto-type of aircraft 
engine, all the deflections obtained are merely changed 
proportionally (co/(Oe)°' This is secondary for the opera- 
tion of the pendulum masses* The motion of the pendulum 
mass is, in addition, assumed to be free from friction. 
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III. ONE LIHZ VlBHAliOH SYSTEM WITH OHB f»EHDULUM MASS 



It is to be noted 'beforehand, that the subject 
treated in this chapter is also contained in the general 
solution of the subsequent chapter; nevertheless, this 
simple case is to bo treated by itself as introduction 
and continuation of the already existing researcii data. 

Visualize a vibrating system (fig. 2) consisting of 
a flywheel mass of moment o.f inertia €> atid a -shaft with 
spring constant C, having a point-pendulum mass '..lo 
with- length of pendulum s, linked at distance r from 
the axis of rotation. Then visualize the systom built in 
at A into an infinitely large flywheel and rotating with 
it at an angular speed Q. The flywheel mass 9 can be 
replaced, as indicated in figure 3, by a xuass m at dis- 
tance (r^ + s) from the axis of rotation, whereby 9 = 
m(r + s)'. . Then the longitudinal vibrstions of the masses 
on the circumference of the circle with radius (r + s) can 
be investigated for small- defl ec t ions instead of the tor- 
sional 'vibrations. 

Considering, next, the mass m of the system as non-^ 
vibratory and applying the centrifugal force r = mQ(r+s)Q' 
on the pendulum mass hIq , the mass is restored by the 

force PCg - \|/) after a vibratory deflection according 
to figure 3. An .identical force is applied at m as 
counterf orc;e in opposite direct ion. ( See appendix .1. ) 
Then . . - ■ 

\(/(r+s)=es 

e - \j/ = E. \[/ , hence 
s 

!•(€ - il/) = mo(r + s)Q^|- \t/ = CqO b, 

where b = \{; (r + s) is the longitudinal deflection of 
mass fflg corresponding to the angular deflection 
The restoration of mo relative to m therefore takes 
place with a spring stiffnes^s^ C(^'^ which varies propor- 
tional to tiie square of the rotative speed, .whereby 
Co = mo E., Then the original system of -figure 2 can be- 
s 

replaced by the simple nonrotating two-mass system of fig-- 
ure 4, that differs from a comnon tTvo-mass system merely 
by the spring stiffness CqQ^ incr'oasing with the speed 
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of rotation. By spring constant c or Cq Q is meant 
the s tiffness , that is, the force required for the de- 
flection 1, not the spring action which forms the recip- 
rocal value of itt 

The nat-aral frequency (£>qo of the pendulum mass in 
comparison with the static mass of the system then is 

mo s 



according to which the natural frequency is proportional 
to the rotative speed. The ratio ^ qq/Q is designated 
with q and termed the tuning of the pendulum mass, 
since it governs the behavior of the pendulum mass. Thus 
the tuning of the pendulum mass is, in the present case 



q2 = L 

8 



(1) 



Now the system of figure 4 is to perform forced 
damped vibrations under the effect of a harmonic excita- 
tion P sin cot acting on m. The amplitude of the mass 
m is a, that of mass mg is a.Q, and the relative 
deflection is b. The system has natural damping; the 
damping force acting conversely to the speed on m is 
put at ka , that is, independent of the frequency, as 
most closely approached by a material damping. Then the 
work of hysteresis is proportional to the square of the 
material stress. 



Applying all the forces, including the mass forces 
in the correct phase, affords the force diagram of figure 
5. The excitation P' is to have the phase p relative 
to the oscillating deflection a. The formation of this 
diagram can be envisaged as the actual vibratory motion 
being superposed by an exactly identical vibratory motion 
shifted by a difference of phase of 90° relative to the 
former in respect to space and time. Herewith all vibra- 
tory motions become simple circular motions with rotational 
speed 0), the forces assume constant values. 

The equilibrium conditions of all forces yield the 
three equations: 
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mo ao W = Co "b 
c a 

k a = P sin 3 



P cos p + cq Q' "b + m a (1) 



(2) 



which suffice for the determination of the three unknowns, 
a, a-Q, and p, wherehy h = - a. With 

P = w/Q mode of excitation (that is, = 1, 2, 3,4,.. 

for two cycle)(= ^, 1, 1-g . . . for four 
cycle)- 

agt = P/ c static deflection of the mass of the system 

z = k/c damping, that is, the ratio of daiaping force 
to spring force 

V = a/agi; magnification 
e / 

= c/m natural frequency of ti^e system ^ 

the foregoing equation (cf . appendix 2) affords the follow- 
ing solution in dimens i onl e s s form: 

The magnification is 



_a_ 
^st 



or 



where 




V = 








L. ^ e / 


2 

+ z" 


/We' ' 


; = 






/ m . . 

1 + _2. 

m 1 _ 


1 



(3) 



(4) 



The relative deflections of the pendultim mass are 
according to appendix 2: 
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(5) 



Putting mo = 0 , that is, omitting the pendulum mass, 

leaves the conventional resonance curve of the common one- 
mass system 



V = 



+ z 



with the resonance peak 7 



The comparison indicates 



= 1 
max 2' 

that the effect of the pendulous mass on the system is 

simply founded on a displacement of the natural frequency 

from 00 toward CO ' . 
e e 

Por the practical important case of q = Pf called the 
resonant tuning of the pendulous msss, to g ' =0 and V = 0. 
In other wordsi the mass of the s^'-stem no longer executes 
deflections at all within the entire rotative speed range. 
•The deflections of the pendulous mass in this instance 
(cf. appendix 3) are 



(6) 



or in other words, the mass force of the pendulous mass 




mo h holds the ezcitation 
it to a certain extent. 



P in equilibrium and cancels 



This case is reminiscent of the known phenomenon of 
the douhle pendulum and of the elastically joined dynamic 
vibration absorber tuned to resonance with which the de- 
flections of the System can be reduced to zero for a Spec- 
ified frequency. But, while this additional mass is in 
resonance at one certain rotative speed only, the above 
tuned pendulous mass is in resonance at every speed of ro- 
tation, because its natural frequency i s- propo rt ional to 
the rotative speed. The pendulous mass therefore adapts 
itself to the particular type of excitation of a po^Ter 
plant, at which the frequency of excit^ition itself is pro- 
portional to the rotative speed. 

For other cases of tuning, figure 6 shows the displace- 
ment of the natural frequency according to equation (4), 
and figure 7 several selected resonance curves. The 



NACA Technical Memorandum No. 1035 



9 




that iB, where the pendulous mass is the fifth part of the 
mass of the system and the damping force amounts to 6.5 
percent of the spring force, giving a resonance amplifica- 
tion of V = 15. These figures are approximately correct 



occurs (see the curves for p/q t= 1, 1.05, and 1.095 in 
figv 7), although the system executes sjnsll deflections 
inferior to those of the static deflection. Mathematical- 
ly, this case can be represented by visualizing theg normal 
resonance curve continued into the zone for (co/cOg) < 0 
in which it progressively drops from 7=1 for ~ ^ 

to V = 0 for (oo/coe) = Ttis zorie happens here to 

lie in the normal rotative speed range. 

At only one harmonic excitation of 9 specific order 
acting on the mass does the case of resonant tuning in a 
one-mass system at which the deflections are zero,, become 
of im-oortance. (On the multxmasg system still other tun- 
ings are of interest, as will be shown elsewhere.) But, 
if several harmonic forces of different orders are active 
simultaneously, or in other words, if some periodic force 
acts exciting on the System, two different tunings of the 
pendulous ■ mas s are concurrently in existence, since the 
pendulous mass can be tuned to only one order of resonance. 
In two-stroke cycle engines, for instance, all whole num- 
bered, in four-stroke cycle engines all half numbered 
orders of excitations are possible in addition. Concern- 
ing the behavior of the pendulous mass in such an event 
and the resultant vibrations of the system, a glance at 
figure 4 shows that the system for a given rotative speed 
does not differ in the least from a common two-mass sjrstem, 
and the deflections caused by the individual harmonic ex- 
citations are undisturbedly superimposed. Since the indi- 
vidual orders correspond to different pendulum mass tuning, 
every order has a different natur^il frequency: the syscem 
has a different natural vibration frequeiacy for every or- 
der of tuning. The procedure consisIP in defining the res- 
onance for the particular order and the subsequent super- 
position of the individual curves. 
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A resonance curv.e of a system involving several crit- 
ical resonance points will tincLergo a displacement of sucli 
points "because of the pendulous mass, where "by appropriate 
tuning, one can be completely eliminated. The amouiit of 
displacement is largely dependent upon -the value mQ/m, 

the displacement heing so much greater as the pendulous 
mass is greater in comparison with the mass of the system. 
Figure 8 is a schematic view of the resonance curve of a 
one-mass system embodying three critical speeds of rota- 
tion, that is, with and without a pendulous mass tuned to 
the second order, which approximately corresponds to the 
conditions arising in a single— cylinder t',fo-stroke cycle 
compression-ignition engine; ^q/^ is again assumed equal 
to 1/5. The critical of the second order disappears, that 
of the third shifts slightly upward, that of the first 
downward. 

IV. AEBIIEARY VIBEATIOliT SySTSM WITH 
ABBITSAEY PENDULUM MASSES 



Visualize a pendulum mass of the type of figure 2 
fitted at some point 0, consisting of any chosen number 
of masses an-d forming part 'of some torsional vibration 
system, as in figure '9. This pendulum mass, at point 0, 
is to participate on the rotary motion o-f the system of 
angular speed Q. 

In conforaiity with the foregoing arguments, the oen- 
dulum mass can be replaced, according to figure 4, by a 
mass with the stiffness 05 ^ flexibly coupled to the sys- 
tem So as to form the substitute pendulum m«iss of fi&ure 
10, consisting of two masses mi and mg , the former 
rigidly connected with the system, the latter coupled 
across the spring CqQ^ • Subsequently, it will be shown 
that any. kind of pendulum mass (till now, only a mathemat- 
ical pendulum has been considered) can be represented by 
this two-mass substitute. 

The natural frequency of the mass m^, relative to 
the hypothetical static mass m^^ is 
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hence the resonance: 




(7) 



Then asBume that mass mj executes a positive vibratory 
motion sin wt of . amplitxide a^ and frequency tc. 

Which is the motion and which the reaction of the pendulum 
mass on mi and hence on the system? 

Since no damping acts at ma it swings in the same 
phase as . otherwise no force equililDrium vrould "be poS- 

sihle. the same was the case illustrated in figure 5. 
The simple force diagram for the present case is shovrn in 
figure 11. 

The equilibrium condition for mg gives 



Co ^ - s. i) = msas w 




aa OqT^b 




(8) 



1 - (p^q)^ 



and for the relative deflection "b = a^ ^ a^ 



1 



(9) 



For the resonance tuning q = p, there is obtained 



= To = CD if ,aij^O 



The reaction on the system then consists of a force 
W ain OJt which follows from the diagram at 



W = m^a^w + Cq Q (as - a^) 





(10) 
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This force can be regarded as maSs force 'caused "by a 
mass M at point 0 of the amount of 



m. 



1 - (p/q) 



= Ml + lig 



(11) 



With this substitute mass affixed to the system, the total 
effect of the pendulum mass on the system is defined for 
a given mode of excitation. Here also the pendulum mass 
merely affects the natural vibration, that is, as regards 
frequency and mode of vibration. The substitute mass con- 
sists of a constant portion M = m and a portion 



K. = 



mass , 



mp 



(p/q) 



varying with the tuning of the pendulum 



It is 

Ms _ as _ b ^ ^ 
mg aj aj 

Figure 12 shows — - plotted against p/q, concurrently 

a o b 
with -— and — in function of p/q. 
a ^ a 1 

ffor tuning near p/q = 1 the substitute mass Mg 
and hence the reaction of the pendulum mass on the system 
is very sensitive to small variations in tuning.* Any 
strong effect on the system by small pendulum mass is on 
the whole confined to the range of p/q = 0.9 to p/q = 1.1, 
that is, the practical range mostly. 

The mass Mg can assume any value between +» and - « 
with exception of the small range of = 0 to Mg = ms • 

For q = p, M = txj. That is, this tuning acts for the 
related orde-r exactly as an infinitely large flywheel 
(dynamic flywheel) attached at point 0. The deflections 
at the particular point thus become zero, and a node results. 
But the deflections of the rest of the System are not re- 
moved by it. The reaction of the pendulum mass in this 
case consists of the force 



♦The effect of certain "corrections" to resonant tuning, 
established by experiment with which Salomon obtained for 
certain cases "the best results" by trial, is probably also 
traceable to it. 
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or 



W = mg Td' 0) 



(12) 



A deflection t' will result such that the reaction exact- 
ly: reaches the value netjessary for maintaining the vibra- 
tion node. Prom it the relative deflection can Tae calcu- 
lated. In a one-masB system the reaction is equal to -the 
excitation W = P acting .on the .mass. 

For p/q > 1, Mj, hecomes negativel The reaction 
then corresponds in its -phase to a spring force acting 
contrary .to the mass' force, that is, to a substitute spring 
in a certain degree. But the amount of the reaction ;;irows 
like a mass force with the square of the frequency. The 
pendulum mass here swings opposite to the mass of the sys- 
tem. Through this tuning, which results in a negative sub- 
stitute mass, the nat-ural frequency of the system can be 
raised, a possilDiiity of extreme inportancc in practice. 
While the lowering of the natural f reqxioncy of a system is 
usually accomplished very easily by employint, additional 
masses, the opposite case, the raising of the natural fre- 
quency is often beset with difficulties because a reduction 
in the available masses pr a. stiffening of the shaft system 
is not always possible. Here the pendulum m-iss Fith this 
tuning equivalent to a substitute spring constitutes n very 
practical means. The effect is, of course, for the presenti 
restricted to a given mode. 

For the mathematical prediction of the natural frequen- 
cies, by Grumbel's method, for instance, the negative substi- 
tute mass enters the calculation as negative quantity, which 
in nowise affects the calculation process and afford.s a 
clear representation. 

The relations are predicated on a frictionless motion 
of the pendulum mass. By a small damping of the pendulum 
mass motion, the substitute mass in resonance will probably 



reach a very high value, but not as great 
the damping force of the pendulum mass at 
proportional to the deflection and to the 
to" "cent rif ugal force, the substitute mass 
shown in appendix 4) : 



as oo« Assuming 

ko b. thpt is, 
bearing lond due 



M 



becomes, (as 



m 



s 
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if Zq ^ —2. is the proportionate damping. The change in 
sign is effected through the phase change. At resonant 

tuning, Mj, = — — . With a 0.1 percent damping, which may 

be assumed for a rolling resistance -in order of magnitude, 
the substitute mass would in this instance become 1000 
times as great as the actual mass. in its reaction on the 
system, this mass should differ very little from an oo size 
mass (fig. 13), Since only rolling friction is involved 
in practical pendulum masses and the roller tracks them- 
selves are hardened for this purpose, the damping is very 
small. It is therefore disregarded and the subsequent 
study continued on the. basis of frictionless motion. 
Since the choice of tuning makes it possible to accord 
almost any positive or negative value to the substitute 
mass, the natural frequencies for a given mode can be ma- 
nipulated within very wide limits. The natural frequency 
of a multimasB system approximating a six-cylinder engine 
with flywheel for different values of substitute mass M 
is shown in figure 13. The fundamental frequency without 
substitute mass, put at coe = 1» can be varied through U 
within the limits of about coe = 0.23 and 2.06, that is, 
across the wide range of about 1:9. The natural frequency 
approaches the limits asymptotically and on exceeding them, 
changes to the natural frequencies of a different degree, 
that is, with more or less nodes. In the transitional 
points a node is formed in the place of the pendulum mass. 
The higher natural frequencies are, of cours.e, simultane- 
ously affected by the mass M. 

Summing up, it is found that with the pendulum mass 
for a given mode it is possible. to 

1. Apply, to a certain degree, an infinitely great 

mass at a point which reduces the deflections 
to zero. 

2. Reduce an existing great mass to zero, 

3. Provide any large positive or negative masses. 

In this way, critical resonance zones can be considerably 
displaced if it is deemed desirable and shifted outside of 
the operating range under certain certain conditions. But 
the change in natural frequency likewise changes the mode 
of the natural frequency, hence also affects the excita- 
tion and damping of the system. So, for instance, it is 
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poBsitle to manipulate the vilDration mode of a power plant 
in such a way that certain vibrations in cylinders cancel 
each other and no vihration from this Source develops. By 
changing the mode of vibration of the power plant of a 
ship the proportionate deflections of the propeller can be 
increased and so the great damping of the propeller can be 
utilized to better advantage. Or an elastic coupling 
could be utilized more for damping by increasing its pro- 
portionate relative deflections. By fitting an c» size 
dynamic flywheel to a muiti cylinder engine, the transfer 
of vibrations from the engine on the driven side (such as 
generator, propeller) can be eliminated for a given mode. 
This applies in particular also to the case T^here a node 
already exists without flywheel and the pendulum mass can- 
not influence the natural frequency at all. It is a known 
fact that on a large flywheel located in the node of a vi- 
bration, the resonance deflections on either side of the 
flywheel differ considerably from the natural vibration 
mode . 

In the event that several harmonic excitations of 
different modes act on the system simultaneously, or a 
periodic force is involved, every mode must be analyzed 
by itself. The tuning and the substitute mass of the pen- 
dulum mass is defined for each mode and with this the nat- 
ural vibration of the system computed. 

If the System is provided with several pendulum 
masses which may be disposed at one or various points and 
with different tuning, each pendulum mass for a given mode 
can be replaced- by its substitute mass. A mutual disturb- 
ance of the pendulum masses in their behavior is not xjossi- 
ble. With these different substitute masses the natural 
vibrations are computed for one mode and then repeated for 
others. Ordinarily the number of dangerous modes is few. 

The application of several pendulum masses makes it 
possible to manipulate several resonances as to position 
and intensity and s© to eliminate under certain conditions 
all critical zones within the operating range. Ho general 
rules can be given; each vibration system must be treated 
according to its own particular nature. 
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V. PUUDAMBN^AIi FORMS OI" ROTATING PENDULUM MASSES 

So far, a point-pendulum mass, a mathematical pendu- 
lum, had "been assumed. In the following various practi- 
cal design versions of pendulum masses are analyzed with 
regard to their 

1. Tuning 

2. Reaction to the system or substitute system, and 

3. Relative deflections 

The knowledge of the relative deflections is neces- 
sary for the choice of size of the pendulum mass, for the 
disposition of stops and for an estimate of the extent to 
which the theoretical study retains its validity for the 
actual deflections. 

Subsequent to having established their tuning q. all 
pendulum masses are reduced to the substitute system of 
figure 10, the equations of which are used for the study 
and which read as follows: 



the 


reacti on 


W = 


M aj 


0) 


whereby 


the 


substitute mass 


M = 


m^ + 




'"a 




1 - 


(p/q) 




the 


relative deflections 


JL = 


_b_ 


1 


- 1 



= (10) 

= (11) 

= (9) 



for the resonant tuning q = p there is obtained 

M = 00 

and the reaction in this case 



a = 0 
1 



W = m^ b ' 0) 



= (13) 



1. Mathematical Pendulum 



Supposing the pendulum illustrated in figures 2 and 
3 has the mass m^ and is attached to a massless disk 
(e ^= m = 0) . 
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From the equality of the restoring force a-nd the ""mass 
force the tuning follows at' 



>o1'^ +'s)q^„(£ - ^\^) ^'k^^'ir + s) 



with 



e - \}/ = )J/ r 
s 

^"eo^^ r 

v"o y - 7 



hence 



^ = r 



= (1) 



The substitute mass at le\ec arm R = r +• s follows 
according to equation (ll), whet'ebv m = 0 and m = m 
at ^ 3.01 



M = 



(13) 



The angular deflection c of the t)endulum mass a"bout its 
point of sus-pension 0' at a deflection cd of the svs- 
tem a"bout 0 follows from ^ 



with 



<P1 



(q/p)^ 



c = 



^|/ ill- 1 = \l/(q3 + 1) 



"becomes 




(14) 



For the resonant tuning q = p , hecomes 0 and € 

for the present, indeterminate.' Under a force W acting 
on the system (disk) in 0 at lever arm H, e assumes 
a value e', secured from equation (l2) 



w 

mo H oo' 



-(q3 + 1) 
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or 




(15) 



The formula indicates that co ' is so much smaller "by 
eq.ual force W as the speed of rotation is greater. 



This pendulous counterweight used by the Wright company 
in its radial engine is roller supported at two pivot points 
■fay two pins. If the disk is held stationary the mass can 
execute only a pure displacement motion, each point describ- 
ing a circle of radius s = dj - dg, where di is the hole 
diameter, dg the pin diameter. The pendulum mass can, in 
this case, be replaced by a mass point in S, which is pen— 
dulously linked in 0' and dynamically corresponds to the 
previously investigated mathematical pendulum. Its tuning 
is therefore also 



If the disk itself performs a rotary motion, the pendulum 
mass executes likewise a rotary motion of the same amount 
when point S is held stationary. Its moment of inertia 
about S must therefore be added to the system. Hence 
with as the mass and mo 1^ as the inertia moment of 

the pendulum mass about its point S (i — arm of inertia), 
the substitute mass is 



referred to the lever arm E, = r + s . The mass of the 
pin can be disregarded. 

The values for the relative deflections are the same 
as for the mathematical pendulum 



2. Design Version 'bright (fig. 14) 




= (1) 



M = Ml + Mg 




(16) 



9i 



-f 1 

(<l/p)^ - 1 



= (14) 



and the resonant tuning q. = P 
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as "bef ore . 




= (15) 



The Wright design has the great advantage of involv- 
ing rolling friction only, The reactive forces in the 
"bearings always pass perpendicularly through the contact 
point of the "bearing surfaces so that no sliding can occur 
even at large vibratory deflections e. A further advan- 
tage is that the tuning can he made as high as considered 
desirahle since s can he made arbitrarily small (in con- 
trast to the material pendulum). 



3. Material Pendulum , 

Let the pendulum, illustrated in figure 15, have the 
mass m^j and a moment of inertia m^ i^ ahcut its point S. 
A hody, by its linear motion, can be represented dynamically 
by two mass points having the same point S» the same total 
mass, and the same moment of inertia. The pendulum is ac- 
cordingly replaced by two mass points m^ and mg of which 
Ml is located in the pivot point 0'. 

When si is the distance of mass from 0', the 

conditions 

mis=m3 (s' -s) 

mi + fflg = ffig 

2 / V ^ 

miS. + mg(s» - s) = 



afford 



s« = s [ 1 + (i/s) ] 



s' corresponds, moreover to the reduced pendulum length 
of a material pendulum. 

Herewith the pendulum mass is reduced to a mathemat- 
ical pendulum mg the length of which is si and to an 
additional mass mj rigidly connected with the system. 
The tuning is 



i 



m, = 



1 + is/iY 



1 + (i/s) 



(17) 
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_ r _ 












- s« 

s 











(18) 



and th.e substitute ±ass on lever ara E=r+s' = r+ s + 



(19) 



nij and mg ' to "be "comput ed according, to (17)-.> It is to 
be noted that the reduction involves lever prm-. R = r + s« 
rather than E = r + s. The relative- deflecti.ciiis £ are, 
as on the mathematical pendulum: 




for q. = P 




= (14) 



(q2 + 1) 



E CO 



or 




(20) 



Por the practical application the material pendulum 
has the disadvantage of attendant sliding motion in the 
bearing and the impossibility of tuning the pendulum to 
high frequencies since s' cannot be constructed below 
a given value. It always is 



s« ^ 2 i 



4. Eoller According to Salomon 



a ). Outside r oller. This pendulum mass (fig. 16) is 
formed by a ring which unrolls on a fixed pin, distance r 
from the axis of rotation. The outside roller is there- 
fore not pivotally mounted in a point 0' but roller sup- 
ported on a pin. The pin has a radius p^, the inside 
roller track of the ring the radius pg, a mass mg and 



an inertia moment 



m. 



i^ (fig. 17). The pendulum mass is 



again replaced by two mass points, of v/hich 



m. 



is placed 
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• in the point X, the contact point "between pin and ring 
in eq^uilibrium position of the ring; X forms the momen- 
tary center of the motion for small deflections, hut the 
center of the path of the centroid is 0'. It is 



mi = 



TO.. 



1 + (pa/i) 



m. 



1 + (i/ps)' 



(21) 



and the distance from S 



u 



_ i' 



Ps 



The mass m^ must here also 
system as it Joins in its mot 
no longer be regarded as self 
dulum subjected to the centri 
not form the point of suspens 
of the pendulum mass, the poi 
contact point Y so that the 
then contributes also to the 



be added to the mass of the 
ion. But now mass m^ can 
-contained mathematical pen- 
fugal force since m^ does 
ion for m^ . At deflections 
nt of support shifts toward 

centrifugal force of mass 
restoring forces of mass m 



When the system executes no vibratory motion (cDj = 
the pendulum mass is subjected to the effect of three 
forces: the centrifugal force in the center of mass S, 
the mass force of the vibratory motion in m^, and the 
bearing reaction due to Y, which must be in equilibrium 
with each other. The bearing reaction must accordingly 
pass through the point of intersection Z of mass force 
and centrifugal force.' 

The equilibrium in point Z demands 



0) 



P =' ma b (J) 



eo 



which corresponds to the equation: 
force . 



restoring force = mass 



The quantities Y and b can be secured from geomet- 
rical relations, after v/hich the insertion of all the 
values .(cf. appendix 5) affords 



CO 



eo 



s[l + (i/ps)^] 
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and conseq.uently 



|3 = 



sCl -i- (i/ps)^] 



(32) 



The substitute mass at lever arm H 



= r + s + u 



r + s +■ — is 
Ps 




(23) 



fflj and fflg " "being"— obtained from equation* (21') • 
The relative deflections for mg are again 



JL - 



(q/p) - 1 



■ The relat-ion between \|; and c affords (cf . appen- 
dix 5) 



with 



henc e 



R = r + s + 




-at resonance q. = p 



therefore 



mo R 10 




(24) 



(20) 



According to figure 17 » the bearing reaction in Y is not 
perpendicular to the contact area but inclined at .an angle 
r\ to the normal. At large deflections, therefore, a 
sliding can occur which must be avoided here under all 
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circumstances. At the high "bearing pressures and rapid 
oscillations, s.uch sliding at this point cannot "be con- 
trolled "by lubricating technique. 

Angle r\f vrhich must always "be smaller than the an- 
gle of friction and which is composed of the angle tis 
plotted in figure 17 and an angle t\i conditioned the 



vihratory motion of- m^ , 
tions (cf. appendix 6) at 



follows from geometrical rela- 



3 (r - pi ) - r g 
(r + s) (1 + pss/is) 



(25) 



wherein either CDi or e could he posted according to 
equat ion (24) . 



At resonance 



for cp, = 0 



r + s 1 + (p3/i)3 



(26) 



h) In side ro ll er.- For the inside roller of figure 18 

where one roller can swin^i within a hole, the geometrical 
proportions are represented in figure 19. The notation is 
the same as in figure 17. The derivation is the same as 
for the outside roller. However, the relations for the 
inside roller are obtained from those for the outside roll- 
er "by simply posting Pi and Pa negative in conformity 
with the geometrical inversion. 

Tuning and relative deflections remain unaltered. 



The substitute mass at lever arm E = r + s 



and T| 



is 




Tl = 



Cr + Pi) <Pi - re 



(r + s)(l.+- p^.^/i^) 



(27) 



(28) 



remains unchanged. 



The cited equations (22) and (20) for the tuning and 
the deflection e' at resonance are in agreement with 
those obtained by Salomon by a different method. 



t 
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5. Pendulum Mass with Two Degrees of Freedom 

All the pendulum masses discussed so far had, in 
comparison v/ith the system, only one degree of freedom, 
if the possibility of lifting from the support, prevented 
by the centrifugal forces, is discounted. Figure 30 
shows a pendulum mass v/ith two degrees of freedom. It 
comprises a pendulum mass of the Wright typo with one of 
the supports omitted, or of Salomon's outside roller v;ith 
the support pin itself mounted on rollers. 

Since the pendulum mass has two decrees of freedom, 
it is to be expected that it '-/ill also have t'.TO different 
natural freq.uencies and two different tunings. In con- 
sequonce it should bo possible with such a pendulum mass 
to manipulate two different modes simultaneously. 

Figures 20 and 21 show the mass at the instant of 
maximum deflection. Tho mass raay be visualized as having 
been put in this position by giving it, first, a displace- 
ment (sirailar to Itfright), at v;hich point S makes an an- 
gular deflection e about 0« (0', 0" and S then still 
lie on a straight line) ; then the mass is slightly rolled 
on the stationary pin, the S point making an angular de- 
flection 8 about 0" (6 does not correspond to the an- 
gle of rotation). The position of the mass is defined by 
e and 5. The conversion in the position €, 6, on the 
other hand, however, corresponds to a temporarily inde- 
terminate point X on the axis 00', v/ith distance of, 
say, xs = V, Then the pendulum mass is again replaced 
by tv/o mass points m^ and mg , the first, ai being lo- 
cated in X. The pin is assumed to be massless. 

ITow there are three forces acting on the pendulum 
mass, the centrifugal force in S, the mass force in mg , 
and the bear-ing reaction which passes through the contact 
points YY' of the pin, since the pin is massless. Equi- 
librium is possibli) only when the ber.ring reaction passes 
through the intersection Z of tho two other forces. 
This condition leads, by reason of the geomotricr.l rela- 
tions (appendix 7), to tho unshortened nquation 




which can be satisfied for any given values of i, p, r, 
and s only when either 
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or 



• I 
II 



6=0' 
6 =* -3 € 



then I 



V = 00, u = 0 



or II v = 0, U = ao 



This means 'that the mass executes -either a displace- 
ment motion (v =oo) or a rotary motion a"bout S. These 
are the two possible states of vibration of the mass. 
They are illustrated In figure 23. 

In the first instance the mass moves exactly like 
Wright's pendulum mass and all of Wright's formulas for q 
M, £, and so forth, hold true, including, in particular, 





r 








s 



= (1) 



In the second case the tuning follows from the moment 
equilibrium about S, restoring force = mass force, 

s s 

JoiE^m^i au) 
' 0 

or 



at 




(39) 



For the substitute mass at distance E, = r + s there is 
obtained 

m^ = mQ in S 



and ma - 0 in oo ; whereas the moment of inertia mg i 
is therefore 



Mil = + 



^ 0 

1 - (p/<ljj)^ 



(30) 



with 



\1/ = e 



P 1 



equation (9) gives the relative deflections at 

and 6 = — 2 c 




(31) 
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ejl' for the-r^soaant tuning can here also Tdb derived 
from equation (12), "but it is simpler ohtained from figure 
82, where the reaction consists of the moment 



»o(r + s) Q pi e 



I - 



= W (r + s) 



whence 




(32) 



From the geometrical pattern it is seen that 



For the case of 



there is ohtained 



II 



= 1 



*ii = ^11 



The pendulum mass with two degrees of freedom, which 
like the Wright version and Salomon's roller possesses 
only rolling friction can te tuned simultaneously to two 
different modes or orders. 



Figure 23 is a design sketch for the simultaneous 
disposition of four such pendulum masses. This device 
flanged to the shaft can "be tuned to four different modes 
simultaneously if the iDendulura masses facing each other 
are designed in pairs as in the sketch; if the opposite 
masses are designed dissimilar, theoretically, a device 
with eight different modes of tuning simultaneously is 
possible. The springs serve to keep the masses in their 
position when at rest. Because of their smallness their 
restoring force is secondary. The term damper is purpose- 
ly avoided for such a device which in a way operates as 
frequency transformer. 

Eventually, existing counterweights could likewise 
he designed with advantage as pendulum masses. 



6. Compilation of Formulas and G-eneral Remarks. 

The tahle in the appendix contains all the data cf 
Interest for the aforementioned types of pendulum masses. 
Other possible types are not discussed here. They can 
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be analyzed in the same- manner by substituting two mass 
points, one of which is placed in the fictitious point of 
rotation of the vibratory motion. If the tuning at a -oen- 
dulum mass is to be ascertained only, this can usually' be 
obtained in simpler manner. In such a case only the cen- 
ter of gravity of the body is considered, and the actual 
centrifugal force is allowed to act on a fictitious mass 
having the same kinetic energy as "the pendulum body. On 

rollers, for instance, this mass is nio^l + ysr^' whei-e • I 



"is the distance of the center of mass from the point of- 
support. 

One instance of pendulum mass of the Salomon type 
concerns the. .case where the center of mass does not coin- 
cide with the center of its path of rolling. In th-is In- 
stance the tuning is 



(33) 



whereby I = s + p^. 

For I = pg or p'g — pi = s the formula changes to 
the equation (22) for the concentric roller. ¥i-th p = 0 
or p2 = B the formula (18) for the material pendulum is 
obtained. 

The design of a pendulum mass' is above all predicated 
on the knowledge of the 'relative deflections e to "be 
expected "and the angle of inclination Ti , ' The magnitude 
of the pendulum mass is governed by It. The greater the 
permitted deflections the smaller the pendulum mass Itself 
can be chosen, I" or large deflections e the mathematical 
assumptions are no longer fulfilled so that the pendulum 
mass has, under certain conditions, a tuning other than' 
intended. Salomon quotes e = 159 as upper limit value. 
Experience must decide it. P or a nine-cylinder radial 
engine this deflection on a pendulum mas's of the Wright 
type would only amount to about 6° with mp/m = 1/5, and 
that is for the wor'st case that the main cfitioal lies 
at full throttle speed of rotation. 

The angle of inclination ri that arises on certain 
pendulum masses must always be smaller -than the angle of 
friction in order to positively avoid sliding. In the 
extreme case, 0.1 equivalent to an angle of 6 might be 
permitted. 
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The rotating pendulum mass sub jected' 't q [c'erit'r if ugf 1 
force corresponds in its effect to a mass e last iaally 
comlJined with the system, whereby the .spring stiffness is 
dependent on the rotative speed. 

The resonant vibrations of a one-'mass s'ystem excit-ed 
by a periodic f.orce of. given mode cs,n be completely re- 
moved by a pendulum mass tuned exactly to resonance. If 
the pendulum mass Is not tuned to resonance the na'tural 
frequency of the- -system of the particular m.o(3e can be ma- 
nipulated and shifted within any limits upward or down- 
ward. If several modes of the exciting force exist simul- 
taneously the system attains through the pendulum mass a 
different natural frequency for each mode'.' The individual 
resonance curv.es -of the different modes are superimposed 
undisturbedly. - • - , ■ ■ . - 

For the general case of an arbitrary aniltimaas system, 
the reaction of any arbitrarily tuned pendulum mass dis- 
posed at some point f or a gi-"-en mode of -exc i tat ion can be 
best described by a sutstitute mass rigidly connected to 
the system at" the particular point.- By, .appropriate tuning 
of the pendulum mass this substitute masa» can-be accorded 
p-'iiy' arbitrarily great Va3ue of any prefix.- In .this manner 
the natural frequency of the system for the particular or- 
der can i)B shifted within wide limits. 

^ An infinitely great" "substitute mass can- be provided 
and. a" node imp'osed" at the particular point of. the .oscilla— 
,tl.on." An alread-y -existing mass can be cance-l.led in its 
.eff.e,ct_. In particular, it is possible to raise the na.tural 
frequency of the system by an equivalent substitute mass 
of .negative s.ign w'hich acts as a spring. - This -possibility 
Ojf r.ai.sing the natural frequency is of particular value 
beqau^e no other means to accomplish it are known. With 
the natural frequency, the vibration mode is also affected 
by the substitute mass and hence the -excitat i on and damp- 
ing of the system. 

In the event that several excitations of different 
modes exist, the substitute mass for each mode gets a dif- 
ferent value; hence the system a different natural fre- 
quency for each inod-e . The individual- vibrat-i ons are un- 
disturbedly superimposed. . . . . ' 
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With mult-i— pendulum masses each mass 'becomes fully 
effective without possJ-tle mutual interference. Each 
pendulum mass is replaceable hy its suTDstitute mass. 



■NOTATION 

Mas s i kg cms" or 



cm 



0- 

®» iTs moment of ln.ertia of the mass of the system, 

and the mass reduced to lever arm fi , 
respectively 



a' 



fflQ mass of pendulum 

s 

i moment of inertia of pendulum about its 

center of gravity 

iDi.ina dynamically equivalent substitute mass points 

of the pendulum 

M = Ml + Mg dynamically equivalent substitute mass of 

the pendulum at lever arm E 

Spring cons tants — d amping consta nts j kg cm and — ^ I 

^ »c" = spring constant of one_mass system for the 

^ torsional vibration and for the longit\i— 

dinal vibration at lever arm R, respectively 

k damping constant of the damping force of the 

one— mass system pr opo'rt lonial to the deflection 

2 

Cq Q spring constant of the substitute system of the 

pendulum mass 

Def l ect i ons [cm] 

cp,a = cpR vibratory deflection of the mass of the system 

fpQ,B.^ - tp^B, deflection of the point— pendulum mass 

, b = \|' H relative deflection of point-pendulum mass 
with respect to the system 



so 
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-} ~> cL@£l€Ctions of ■ subst itute masses mi- and Og 

c relative deflection of center of mass of pen- 

dulum about its path center (suspension 
point on simple pendulum) 

Ti angle of inclination of support force with 

respect to the normal of the contact surface 

p 

ag^ = — static deflection of the system due to force P 

c at lever arm E 

a ' ,!> * ' , € ' .n ' denote the corresponding values for the spe- 
cific case of resonant tuning q = p 

Ialiiiial_lii.aq.-tteaai.jaa [i/s] • 

Q rate of rotation, angular velocity of rotatory- 

motion 

u) frequency of the exciting force P 

(jue natural frequency of the system without pendu- 

lum mass 

u>gQ natural frequency of the pendulum mass relative 

to the hypothetical static system 

F or ces [ kg] 

P sin cut exciting force ^t lever arm H- 

p phase of the exciting force relative to the 

vibration of the system 

i" centrifugal f orce in the center of gravity of 

the pendulum mass 

W sin cut reaction of the pendulum maas oji the .ssystem 

at lever arm H 

Design dimensions [cm] 

r = 00' distance of the axis of . rotation from the 

point of suspension, or path center S 
of the pendulum mass 



UACA Technical MemorandTim ITo. 1035 



31 



s s-O'S distance of the center of gravity, respectively, 
of the suspension point or S— path center of 
the pendulum mass (= length of pendulum of 
the mathematical pendulum) 

Px radius of roller path of the disk comhined 

with the system 

p2 radius of roller path of the pendulum mass 

S-at i OS 

z = — damping of the one— mass system, ratio of damp— 
° ing force to spring force; the logarithmic 

decrement is then ^> = tt z 

= —^2. tuning of pendulum mass, the ratio of its nat— 



(U 



ural frequency to the rotative speed 



mode of excitation, ratio of exciter frequency 
n to speed of rotation 

V = — — magnification of the deflections of the system 
^st 



ITote: The hracketed dimensions refer, respectively, 
to the quantities of the torsional vihration and the cor- 
responding quantities of the longitudinal vihration at 
lever arm, R. 



Coordination of Formulas 



>• 

Roller with Z degrees of freedom ^ 
Case I CoseH CO 

. o 

i:l 

• O 

-i 

o 

4 



Matbemat. 
pendulum 



Wright 
version 



material 
pendulum 



Outside roller 
Salomon 



Inside roller 
Salomon 



2 and 3 



14 



16 



16 and 17 



18 and 19 



20, 21 and 22 



20, 21 and 22 



■hi) 



hi) 



l-(p/j)« 



(p/ff)» 



'»>i-R-)+Tir(^« 



m, 



'"'(^)-^l-(/,/j)« 



('+f)(t)' 



i-(p/})« 



r+s- 



Qt 



r + s 



r + s 



o 
w 

0| 



win 



(S/p)»-l 



(j/p)»-l 



g'+i 
(j/p)«-l 



J? 



■9» 



(}/p)«-l 



(5/p)'-l 



(g/p)'-i 



w 

mora* 



W 



W 



w 



w 



p' (f—ei) yi — '•e 



p' ('•+ei) yi — 
(^+^)(i+^) 



W 
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APPENDIX 1 



The force acting on in direction of the vibra- 

tion (tangential), (fig. 3) is 

F (e - ij/ ) = F • 

B 

At 0' the force F cos { € ~ ^) » 3" has a tangential 
component P Ci which yields on m a force 



p c — E.- 
r + 



I- ¥L \|/ 

s 



Hence the two forces at and m act like a spring 

stretched hetween the two masses. 

APPEl'TDIX 2 



0 o 



ca 
ka 



P cos P+CqO 'b + mau)' 
P sin P 



Prom the first eauation 



a + "b Cq 



2 



h 1 

a (a/p)^ - 1 

entered in the second equation 
P cos ^ = c a j^l - - 



c c [(q/p)' 



T3] 



with c - m u). 



and Cq = '"eo 
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P cos ^ = c a Fl - -"il -.^^Z-i^^Y 1 1 

This equation and %he third squared and added affords 

= c« a«[ + a^ 

whence p^^ 

which with the notation gives the previously cited equa- 
tion for V. 

For the case without damping, 2=0, there is obtained 
V = 1 

1 _ fj^Y (i ^ ^0 1 A 

Vu,g/ V ml- (p/q)= / 



Taylor's equation reduced to the same notation and the 
one— mass system read on the contrary 



y * 



1 _ f 1 ^ ^0 1 .'N 

Vi«ey V ^ [l - (p/q)^3 (q2+ 1) / 

hence differs hy the factor (q^ + l), which is due to the 
erroneous premise. 



APPENDIX 3 



For — =1 gives — = — 

q a 0 

= !b y gives with p/q = 1 
^st ^ 
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_h_ ^ 1__ 



m 



or with agt = P/ c and lOg^ = ^ 



APPEUDIX 4 



The force diagram of figure 11 changes in this instance 
into that of figure 34, where the mass force in nig is 
vectorially divided along a^ and "b . The equilihrinm 
gives 

2 2 2 

mg ai (u cos P = CoQ b — mgbcu 

3 2 
mg ax UJ sin = kg Q h 

squared and added 

(mg aj u) ) = (cg 



The reaction of mg is 

which , s tr ictly speaking, may no longer be regarded as mass 
force since it does not fall in the direction of aj. 
For small damping values Zg the directional departure is, 
however, small with exception of q/ p = 1. 

The damping force put at kg Q b is rather independ- 
ent of the deflection by purely rolling resistance. 
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APPENDIX 5 



Figure 17 affords 

V (pa + u) 



and 
or 

with 
hec omes 

further 

and 

hence 



e s 



(€ - t)pa 
t (r + b) 



U = -i— 



s 

i.* 

Ps 



Y = 



13 = 



r 

s 



1 + 




a p2 



(pg + u) a 
(r + s) t 

(r + s)(l + -i- j S 



y, h as well as F and posted in the equati 

P Y = ms 13 u>eo^ 
and athreviated gives equation (22). 
It is \i/a = a (p2 + u) 

a pg = € s 

whence 



P8 



R 



but 



€ = — \]/ 

s ps + U 

= --v \|/ = - q"* \|/ 

3 A. . i A 
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APPENDIX 6 



Pigure 17 affords 



and appendix 5 



»»s ps = u 



Tl2 



1 2 



1 + 



P8' 



With 



i = 



r + s 



hence 



V = 



r + s 1 + (i/psf 



r G_ 



(r + s)(l + ps^i^) 



The mass force mi(r - pi) ^> i ^ together with the support 
force F (small angles.') produces 

^ _ mi (r - pi) cpi 
mo (r + s ) 0 



or 



ni 



(r + s)(l + 

n = Ti 1 -T riiB -givea -.e-quation (25). (Sign not of interest,') 



•APPENDIX 7 



The mass of the pendulum Is subjected to a displace- 
ment of the S-point by s (e + 6/2) and a rotation through 

S- -§_, which must be equal to the angle a. Whence 
2 pi 
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a 6/2 

and c ons ecLuent I7 



r pi e 6/2 

For angle "Y "between centrifugal force and bearing 
force, the triangle 00 ' S - whereby 0' 6 // YY' - 



affords 
hence 



Y = € + 8/2 - i 

iir + s) = s (€ + 6/2) 



Y = — 



r + s 



(€ + 8/2) 



In order that the point of intersection Z lie at 
distance u from S, 



it mu s t 



u Y = pi 5/2 



that is 



1! -^^2 r__ ^ = pi 6/2 

Pi e + .6/2 r + s 

(c + 6/2)8/2 ^^V r + s 



Therefrom follow the further conclusions of the main 

text .' 

Translation by J Vomer, 

Hafionol Advisory Comminee 

for fyeronavftcs. EEFEASNCES 



1. Taylor, .E. S.; Eliminating Crankshaft Torsional Vibra- 

tion in Radial Aircraft Engines. SAE Jour^, March 
1936, vol. 38, no, 3, pp. 81-89. 

2. Translation: "Torsional Vibration Transformer and Dy- 

namical Flywheels", of the F, Faudi Co., Kronberg 
at F-ranfcf urt , a/M, licensee of the Salomon patents. 

3. Z, VdI, 1916, pp. 911, 845, 451, and 703. 

4. Jahrb.der Schif f bautechn . Ges., 1911, p. 283,' 

5. Stieglitz, Albert: Dr ehs chwingungen in Re ihenmot cren . 

Luf tf ahrtf orschung, Bd. 4, Lfg, 5, July 24, 1939, 
pp, 133-158, 
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Pigs. 1,4,6,7. 



m — c- 



"29 



a 




Pig,-are 4.- Substitute system for i'itxire l.~ Vibration damper 
figure 1. (Kutzbach type). 




1.6 2.0 

Figure 6-.- Uatural frequency of one-mass system by different tuning 
of pendulum mass. 



Without pcndulm mass q=0 
/IV 




Figure 7.- Hesonance curves of ono-mass system by different tuning 
of pendulum mass. 
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Figs. 2,3,5.9,10,11,12 





Figure" 2.- Single-link vibration 

system with a pendulum Figure 3.> Reduced system. 

mass. 



mo <z, co^ 





Figure 5.- Force diagram of Figure 9.- Some vibratory system 
substitute system. with a pendulum mass. 



^1 



a. 




a-2 



J 

Figure 11.- Force diagrsun of 
the pendulum mass . 



mass of Figure 9. 



Figure 12.- Substitute mass 
and deflections 
by different tuning of 
pendulum mass. 
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Figs. 8,13,24 



Without pendul-cim mass 

n =1500 
3 /h e 




Without pendul-um mass 
3 q=S 




=1640 



500 




n^=1335 



1000 
rpm 



1500 



Figaro 8.- Resonanco curves of a single cylinder power plant with and 
without pendulxun mass. 
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Figure 13.- Natural frequency of a multi-mass system for different 
values of su'bstitute mass M* 




Figure 24,- Diagram of the forces of the pendulum mass "by small 
natural damping. 
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Figure 17.- Geometrical Figure 16.- Salomon's outer roll 

conditions on 
Salomon's outer roller. 
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FigB. 18,19,20,21 
S2 iO 



Figure 18.- Salomon's inside roller. 





Figure 19,- Geometrical 

conditions on 
Salomon's inside roller. 



2A 



•2^ 



Figure 20.- Penduliam mass with two 
degrees of freedom. 



Figure 21,- Geometrical conditions of 

the pendulum mass with 
two degrees of freedom. 
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Figs. 22,23 





Figure 23.- Device with several penduliiin masses of the type 
of Figure 20. 



